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ABSTRACT

. Th; work accomplished is represented by four Tech Reports already
issued and the development of three tests of goodness-of-fit for
censored data reported herein. All the Tech Reports are submitted for
gablication. Two of the Tests are developed using a resuit due to
Moses (J. Amer. Statist. Assoc.59,(1964),645-51)for uncensored data and

its modification for the censored data. The other is an extension of

the empty cell test to the censored case.
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1. Introduction.

The accomplishments are represented by the following Technical
Reports (listed in chronological order) written and issued from time to
time, and the work on threc tests of goodness-of-fit for censored data

reported herein below:

Korwar, R.M. (1980). A characterization of a Polya-Eggenberger
and other discrete distributions by record values.

(1]

Korwar, R.M. (1981). A characterization of the Waring distribution.
Testing for equality of

[3]
a likelihood ratio

Korwar, R.M., and Naik, D.N. (1981).
means with additional data on one variable:

test and a Monte Carlo study.

Korwar, R.M. (1981). On characterizations of the power-function
and discrete uniform distributions through a model of over-
reported claims.

(4]

2. A Brief Description of the Work Reported in [1]-[4].

In [1] above, a class of Polya-Eggenberger distributions is
characterized by record values. The Polya-Eggenberger distribution is
one of the truly '"contagious distributions' found very useful in applied
work. Specifically, let X ,Xz,.. . be a sequence of independent ~nd
identically distributed diécrete random variables. Define the sty
{N(n)} by N@1) =1, N(n) = min{j|j > N(n-1), XJ. > XN(n-l)}’

n=2,3.... Let Rn = xN(n)' Then {lg‘} is the sequence of record
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Justification. .

By.

s. By convention R1 = xl. Assume E(xl) exists and is finite.

Here characterization of a Polya-Eggenberger and other discrete

idtributions, including the geometric is made by the linearity of

r AIR FORCE OFPLC - OF SOTYWTYYIC RESFARCS (A¥SC)

Distributic: /

Avallnt ‘iitve Codes
A ) ond or

Digt | !

lpeei L

| e

WOTICR OF TRANSMITTAL TO DP10

This technicny TOrCst has Roen revieved and ts
APProved for pudlic vels: 93 ;4w 453 18312
Distribution is unlinmited. )
MATTHMEN J. KERPER

Chief, Technical Informmtion Division

-

pvi0

copvt -
NSPECTRD




of regression of Ry-R; on R;.

This paper is submitted to Sankhya for publication. An abstract

has appeared in the Bulletin of the Institute of Mathematical Statistics

(IMS Bulletin 10, #2(1981} 64, #8/t-33).

In [2] above, a characterization of the Waring distribution is made
by the identity of distributions. The Yule distribution, which is :
sometimes used as a distribution of word frequencies in applied work,
is a special case of the Waring distribution. It is characterized by
the following property: For a positive integer-valued random variable
X, P(¥*r) = Pps T = 1,2,..., and with a finite mean p define two

new random variables Y and Z by

P(Y=r) = = °Z° + ap_)/(u+a),r = 0,1,...
(Y=r) = q, 1Pk p,)/ (u+a)
P(Z=r) = q = (r+b)p,/(u+b), r = 1,2,...

where a 20 and b are constants with b-a +1>0. Then Z and
Y truncated at 0 have the same distribution if and only if X has

a Waring distribution of the form
pixer) = (-0)clT Il o2,

where A -c¢c>1, ¢> 0; and c[r] = c(c+l)...(c*+r-1), r = 1,2,...,
c[ol = ]. T

This manuscript has been submitted for publication to Sankhya. An
abstract has appeared in the Bulletin of the Institute of Mathematical

Statistics (IMS Bulletin 194 #4(19@1) 158, #81t-70).
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In [3] above, a likelihood test is derived for testing the
equality of means of a bivariate normal distribution with equal
variances when additional data on one variable are available. The
situation can also be viewed as if some observations on one variable
are missing. A Monte Carlo study is conducted to study the power and
level of significance attained in an attempt at comparing several tests
available in the literature along with the proposed test. As a result
of the study an indication is made of the preferred test for each
combination of the correlation coefficient and difference of means.

This was submitted to theJournal of American Statistical Association

and a revision is underway. The revisioned version will be resubmitted
to the above jourmmal or somewhere else. An abstract is submitted and

will appear in the Bulletin of the Institute of Mathematical Statistics.

This research is a natural counterpart to Dahiya and Korwar (1980).
In [4] above, using a model for over-reported claims (such as
insurance claims for fire damage to property, etc.) some characterizations
of useful distributions in statistics are made. Using this model which
assumes overreporting the power-function and discrete unifomm distri-
butions are characterized as follows: (1) The distribution of
observed claims suitably truncated on the right coincides with the true
distribution if and only if the distribution is of the power-function
form and (2) a variable having a linear regression on the true claims
has a linear regression, with suitable slope and intercept, on the
reported claims if and only if the distribution is of the power-function
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form. Similar results are cbtained for the discrete uniform

distribution.

3. Two Tests of Goodness-of-fit for Censored Data Based on a Result

of Moses.
Suppose Ylo,. ..,\{0n is a sample of size n from a continuous
distribution G. Due to random censoring on the right we do not

observe the Y°i 's but
. 0 .
(3.1) Yi = mm(Yi ’Ui)’ i=1,...,n

where Ul"“ ’Un are independent random variables (r.v.), called
censoring r.v.'s, with a continuous distribution function H.
Assume that Yi0 's and Ui's are mutually independent. We also

observe

. 0
1, if Y.1 s Uy

(3.2) 8. =
0, otherwise

for i =1,...,n- The problem is, given the censored data
(3.3) {Yi,«Si, i=1,...,n}

to test whether Yi0 's could have come from a specified distribution

F. That is we would like to test

(3.4) HO: G(y) = F(y) all real Yy

against




(3.5) Hi: G(y)#F(y) for some real y.

We derive two tests for testing Hy by making use of Moses'(1964)

f . one sample limits of some two-sample rank tests. Let xl”“’)Sn be a

' ' sample of sizem from F and let Yl,...,Yn be an independent sample of
size n from G. Both the distribution functions F and G are
assumed unknown. Then Moses showed that the limit, as m +», of

, Lehmann's most powerful test of

HO: F(x) = G(x) all real x

against i

| H: GG = [FOOTS, k> 1

is to reject H, for large values of

(3.6) b AF
j=1 J

e o e

Note that now F becomes known since m + « and we have an infinite
sample from F. Similarly he shows the limit, as m + «, of the

Wilcoxon two-sample test of

Ho: F(x) = G(x) all real x

against

H1: F(x) > G(x) all real x
is to reject Hy for large values of

n
3.7 jEI F(Yj).

;
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Now back to H0(3-4). We cannot directly use (3.7) with
0
censored data. Because of censoring some of the P(YJ.) camnot be
computed. We replace (3.7) by its conditional expectation given G = F

and the data (3.3). Thus our test statistic will be
) .
T, = E(ZF(Yj)IF,Yi,Gi, i=1,...,n),

But
0 _ - )
E(F(YJ. ) |I~‘,Yj,6j =1) F(YJ) R

and

0 - 0) = ”
50 OIRY8; = 0 = [ FneEe)/ [deF(y)
J

1 .
=5 {1+F(YJ)} .

Thus, we take as our test statistic

n n
- 1
(3.8) T, —jilsj F(YJ.) + _51(1—63.){1«»?(1(].)}
J
n
= I vV,
j=1 )
where
=1 .
(3.9) Vj =7 {(1+6j)F(YJ.) + (1 Gj)}

In the following theorem we prove the asymptotic normality of 'rn .

Theorem 3.1: The statistic Tn is asymptotically normmal with

asymptotic mean and variance nu and no 02 where




(3.10) 2w = 2E(V;)
.‘ " 1,
-1- j:cw)dncu) +L F(y)d6(y) + JOUO RS0 i)
(3.11) o = Var(vy)
and

o @, U
612 =0 = 1| cwaw [ Ponasn 5[ {[ oo

~ 2[: {jouF(y)dG(y)}dH(u) :

|
- Proof: The theorem follows from the central limit theorem and the
fact that Vj 's are independent and identically distributed bounded

random variables with common mean and variance given by (3.10-(3.12).

Note that since G = F under Hy the asymptotic null mean u, and

variance 002 are given by (3.10)-(3.12) where we replace G by F.

The censoring distribution H appearing in (3.10)-(3.12) is generally

unknown and must be estimated from the data.

The estimation of H(u) = 1 - H(u) from the data by the method of
Kaplan and Meier (1958) is completely analogous to the estimation of
G(y) =1 - G(y) from the data and using the same method, except for
the fact that (l-ij)'s now play the role of §6.'s before. Let

]
' . - .
be the ordered Yj s and let ej 1 6[”, where

Y(l) <.. '<Y(n)
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6[5] is the § that goes with Y[j],j =1l,...,n. Then the Kaplan-
A
Meier (K-L) estimator H(u) of H(u) is given by

A k-1 €.

= = s s J :
(3-13) H(u) J.gl {(n-j)/(m-j+1)} -, ue(Yry qys Yyl s
and A(u) =0 for u> Y(n)' Thus consistent estimators ﬁo and
302 of L) and 002 respectively can be obtained from Yo and 002

e

A
by replacing H by H(3.13) appearing in their expressions. The
consistency of the resulting estimators of ¥ and 002 follows from
the weak convergence of the K-L estimator. Combining Theorem 3.1 and

the above we have

(3.14) Z, = (Tn-m')o)//ﬁé 0 L N(0,1), n + .

Finally, to test HO against H1 at level o, we reject HO if

lznl >z, /2 and accept otherwise, where Zm/2 is the (1-a/2)100-th

percantile for the standard normal distribution.

A similar test can be constructed using (3.6) and the same
technique of replacing the test statistic for the uncensored case by
its conditional expectation given G = F and the data for the censored
data case. The resulting test statistic will have asymptotic
nomality since the test statistic again is going to be a sum of
independent and identically distributed random variables.

Hollander and Proschan (1979) use the same idea due to Moses and

come up with a test different from our tests.




‘4. An empty cell test.

In this section we derive an empty cell test for censored data.
We use the notation developed in Section 3. Using the hypothesized
continuous distribution function F, choose points
Xg = "@<X < e <Xy g <Xy = such that F(xk) - F(xk_l) = 1/N,
for k=1,...,N, where N is a specified positive integer. In the

uncensored case the test statistic used is

4.1) uo(n,N) = # of intervals (xk_l,xk] containing no

observation YJ.0 's

The test is to reject H0(3.4) if Mg < C, where C is chosen to
have a o 1level test. The empty cell test is attractive because of
its simplicity. An excellent reference on the subject is the recent
book by Kolchin et al (1978).

Because of right censoring not all the Y jo's are observed.
Hence u0(4-1) cannot in general be computed. We replace ¥y by its
conditional expectation given G = F and the censored data (3.3)

and use the resulting random variable as the test statistic. Let

(4.2) u d(n,N) = # of apparent empty cells,
(4.3) Ci = (xki-l’ xki] , i= 1,...,ud, ith apparent empty cell.

Then, it can be shown that




* .
of T (n,N) E{uo(n,N)|Yj,6j,J =1,...,n}

u n
L B

min{F(xk_1),?(\1].)}.,,,in{F(),j),F(x]ﬂ 1-§4
1

i=1 j=1 F(YJ-)

The distribution theory,both small and large sample,

being derived and will be reported later.

*®
Yo

10
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is now
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